Abstract. We present interesting combinatorial interpretations for the Fibonacci numbers in terms of colored partitions obtained by using finite versions of two identities of the Rogers-Ramanujan type. New formula for the Fibonacci numbers is also given.
Introduction
Considered for the first time in a modest example for the facility of calculation in positional number system (Liber abaci 1202.), the Fibonacci numbers showed to be intrinsic in nature (phyllotaxis), and omnipresent in arts (poetry, architecture, etc.).
Many properties of these numbers are known. They appear in numerical mathematics (Adby [1] ), game theory (Tosić [14] ), as well as in combinatorics and partition theory, where there are interpretations in terms of compositions, for example:
The number of compositions of n in which no 1's appear is F n−1 (Andrews [2] ).
Or in terms of partitions, one interpretation obtained by the authors is:
The total number of partitions into at most N parts in which every even smaller than the largest part appears at least once is equal to F 2N +2 (Santos & Ivković [10] ).
In this paper we present two new combinatorial interpretations in terms of colored partitions based on identities number 63 and 62 in the Slater's list of identities of the Rogers-Ramanujan type [13] . We use a method introduced by Andrews [5] , and used by Santos [9] to obtain finite versions of Rogers-Ramanujan type identities. Basic tools are presented in the following section.
Basic definitions
We start with Gaussian polynomials (see Andrews [2] ), that are q-analog of the binomial coefficients:
n a nonnegative integer. We define also
When dealing with the expression
we call the coefficients of x j in the expanded form of (2.2) the trinomial coefficients.
It is easy to show that if
The following expressions (Andrews & Baxter [7] ) are q-analogs of the trinomial coefficient in the same way that the Gaussian polynomial is a q-analog of the binomial coefficient, that is, the limit of each one of them when q approaches 1 is equal to the trinomial coefficient given by (2.4) and (2.5).
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There are the following Pascal-triangle type relations:
It is also valid (Andrews & Baxter [7] ):
From (2.8) and (2.9) we can see that
where we have used the following property of the Gaussian polynomials which follows from the definition (2.1):
3. The Main theorem
Identity number 63
We start this section by considering identity number 63 in the Slater's list [13] that is
On the left side we introduce a new variable ′′ t" in the following way:
in this sum the factor
is clearly the generating function for partitions where every integer less then or equal to the largest part appears at least once and at most twice. We shall call them the green parts.
The factor t 2n q 2+4+...+2n
is the generating function for partitions where every even part less than or equal to the largest part appears at least once. These are the yellow parts.
Notice that the largest yellow part that is even is equal to twice the largest green part.
Now we return to (3.2) . It is valid
Taking f 63 (t, q) = ∞ n=0 P n (q)t n from (3.6) we have
Santos in [8] conjectured:
We prove this in the appendix.
Once having proved this theorem, we can make a connection between the greenyellow partitions and the Fibonacci numbers. Taking q → 1 in (3.7) recurrent relation for the Fibonacci numbers appears. Thus, it is valid: Theorem 1. The total number of green-yellow partitions in which the number of green parts plus twice the number of yellow parts is smaller then or equal to N is equal to F n+1 .
Here, of course F n is the n-th Fibonacci number. Considering that T 1 is a qanalog of the trinomial coefficients we may take the limit in (3.8) when q approaches 1, getting a formula for the Fibonacci numbers:
Identity number 62
Identity number 62 in the Slater's list [13] is very similar:
The new parameter "t" is introduced in the similar way:
The only difference is that a generating function for the yellow parts now is: 12) i.e., generating function for the partitions where every odd integer less than or equal to the largest part appears at least once.
Bijection between the partitions of the yellow-green type connected with identity 63 and those connected with identity 62 is direct.
Not surprisingly, when writing f 62 in a form ∞ n=−∞ Q n t n polynomials Q n satisfy very similar recurrent relation as P n :
Explicit formula for this family is
Giving, at the end, the same formula (3.9) for the Fibonacci numbers.
Observation: Identities 62 and 63 from the Slater's list are equal to the identities number 46 and 44 respectively.
Appendix
Theorem 2. The family of polynomials defined in (3.8) satisfies recurrent relation (3.7).
Proof: To make calculation easier the base is changed by taking q → q 2 . We need to prove
From now on all the polynomials are in base "q", so we omit to explicitly state it, i.e., T 0 (n − 1, 5j + 2) = T 0 (n − 1, 5j + 2, q). After applying (2.10) on both sums on the left and some cancellations, the expression is
By making "j → −j" and "j → j + 1" at the first sum on the left that sum cancels with third by (2.13). The two sums left on left side we transform by (2.12) so they are written using T 1 polynomials. That side becomes
Now we apply (2.10) on this two sums. Four resulting sums cancel by (2.12) leaving
By (2.11) this two sums can be written as: The second and the fourth sum from this expression cancel with corresponding sums on the right side of (A.1). The third and the sixth cancel between themselves. Now we return to the right side. By applying (2.10) on the first two sides of (A.1) and some cancellations that side becomes: The first sum cancels with the third. The second and the fourth cancel with the remaining sums from the left side, thus proving the identity.
